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0 Introduction 
As well known, if 0x  is the time coordinate of a frame of reference, then the ten Einstein 
equations µνµνµν
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=−  can be divided into two categories: One is the four 
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RgR =−  in which there is not any second time derivative term, 
another is the six equations ijijij T
c
G
RgR
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=−  including the six second time derivative terms 
0 0 ，，ijg . On the other hand, we have presented a group of gauge conditions to eliminate all second 
time derivative terms in the vierbein forms of the ten Einstein equations in Ref. [1], however, for 
which so far I cannot find out the corresponding Lagrangian density. In this paper, we not only 
present some gauge conditions that can eliminate all second time derivative terms in the vierbein 
forms of the ten Einstein equations, but also, at the same time, present the corresponding 
Lagrangian in which there is not any quadratic term of first time derivative that can leads to those 
vierbein forms of the Einstein equations without second time derivative term by the corresponding 
Euler-Lagrange equations. General relativity thus becomes a fully singular Lagrange system. 
In Sect. 1 of this paper, we present a Lagrangian density of general relativity, which is 
separated to kinetic energy and potential energy terms naturally; In Sect. 2, we investigate in detail 
a group of gauge conditions such that general relativity becomes a fully singular Lagrange system; 
In Sect. 3, we generate the group of gauge conditions discussed in Sect. 2 to more general cases. 
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All symbols and conventions follow Ref. [1].  
 
1 A Lagrangian density of general relativity 
As well known, in general relativity, the Einstein-Hilbert action reads 
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It can be proved that the remainder of G(1)Lg−  and ( )GUGK LLg −−  is a total derivative: 
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we therefore can use 
GUGKG(2) LLL −=                              (1-6) 
as a Lagrangian density of general relativity. 
As well known, the coordinate variables ( )3210  , , , xxxx  in general relativity are four 
parameters. In the following discussion, we shall assume that the decomposition of time and space 
has been finished by the ADM decomposition
[2]
 and by 0x  we denote time coordinate. 
If 0x  is the time coordinate of a frame of reference, from (1-4) we see that there is not any 
time derivative term in GUL , and all time derivative terms appear in GKL ; hence, GKL  and 
GUL  can be regarded as kinetic energy and potential energy terms, respectively. Especially, for 
the metric of an accelerated, rotating frame of reference
 [3, 4, 5]
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we have 0GUGK == LL  since 0
0
=ijΓ  and 0
~
=
i
lmΓ , this is a due result, because there is not real 
gravitational field for an accelerated, rotating frame of reference. 
 
2  General relativity as a fully singular Lagrange system under a group of gauge 
conditions 
2.1 The vierbien formalism of general relativity and a theorem about differential constraint 
In principle, for removing all second time derivative terms in the ten Einstein equations, we 
must use tetrad αµ
ˆ
e  rather than metric tensor µνg  as basic variables. Because if we use metric 
tensor µνg  as basic variables, then for choosing special form of metric tensor, what we can use 
are only four gauge conditions provided by coordinate transformation )~(
νµµ xxx = , since metric 
tensor cannot be changed by local Lorentz transformation )(~)()(
ˆˆ
ˆ
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α
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are the six dynamical variables ijg , i.e., the six second time derivative terms 0 0 ，，ijg , in the ten 
Einstein equations. Generally speaking, four conditions cannot eliminate six terms. On the other 
hand, if we use tetrad 
α
µ
ˆ
e  as basic variables, then there are only six dynamical equations 
including second time derivative terms in the ten Einstein equations yet, but for choosing special 
form of tetrad, ten gauge conditions can now be used, the four are provided by coordinate 
transformation )~(
νµµ xxx =  and the six are provided by local Lorentz transformation 
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We therefore regard tetrad field αµ
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e  as basic variables of gravitational field, in the following 
discussion, µνg  and 
µνg  are as the abbreviation for να
α
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eeg =  to (1-3) and (1-4), we obtain the vierbein forms 
of GKL  and GUL  immediately. However, we write GKL  given by (1-3) to another form (2-1), 
which is convenient for the following discussion. 
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The vierbein forms of the Einstein equations have been given in Ref. [1]. 
For removing all quadratic terms of first time derivative of the Lagrangian (2-1), we first 
prove a theorem. 
As well known, when we investigate a system with constraint conditions, an algebraic 
constraint in which there is not derivative term can be putted directly in the Lagrangian density of 
the system, but, generally speaking, we cannot do like so for differential constraint including 
derivative term. However, if a differential constraint appears in quadratic form in the Lagrangian 
density of a system, then we can prove the following theorem. 
    Theorem. If the Lagrangian density ) ,(  , λϕϕ aaL  of a system whose basic variables are 
) , 2, 1,(  Naa L=ϕ  has the form 
[ ] ) ,() ,( ) ,() ,(  ,2  , , , λλλλ ϕϕϕϕχϕϕϕϕ aaaaaaaa LWL ′+= , 
then if we add the constraint condition 0) ,(  , =λϕϕχ aa , then the term [ ]2  , , ) ,( ) ,( λλ ϕϕχϕϕ aaaaW  
in ) ,(  , λϕϕ aaL  can be removed directly, namely, we can use ) ,(  , λϕϕ aaL′  as the Lagrangian 
density of the field aϕ . 
    The proof of the theorem is quite simple. The Euler-Lagrange equation corresponding to 
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if we add the constraint condition 0) ,(  , =λϕϕχ aa , then the above Euler-Lagrange equation 
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This means that we can obtain the equation of motion of the field aϕ  by the Euler-Lagrange 
equation corresponding to ) ,(  , λϕϕ aaL′ . 
For example, the action of electromagnetic field in flat spacetime is 
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where the last term is an integral of a total derivative, which does not impact on the derivation of 
the equations of motion. If we add the Lorenz gauge condition 0 ,   =
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where [ ]αµˆ4 det ee =  and [ ]aiee ˆ3 det =  are the determinants of the 4×4 matrix [ ]αµˆe  and the 3
×3 matrix [ ] ,  aˆie  respectively. 
    Under the time gauge condition (2-7), (2-1) and (2-2) become 
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notice that aaY
ˆ
ˆ  can be expressed by metric tensor. 
According to (1-3), (2-9) and (2-11), we see that under the time gauge condition (2-7), we 
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It is obvious that there is a negative kinetic energy term in (2-9), of which the concrete form 
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The above forms of the negative kinetic energy term have been discussed in detail in Ref. [1]. 
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Hence, up to a total derivative, we can employ 
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as the action of the system whose thirteen basic variables are { }aiee ˆˆ0  , γ , where GKL , iU  and 
GVL  are given by (2-9) and (2-15), respectively; )(M xL  is the Lagrangian density of matter. 
The Euler-Lagrange equations corresponding to the action (2-16) are: 
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0ˆ
0GKˆ
0ˆ
0
ˆ0ˆ
ˆ
ˆ
0
ˆ0ˆ
ˆ
ˆ
0
3
3ˆˆ
ˆ0ˆ3
03ˆˆˆ
0ˆ
0
i
a
i
ajkbkjb
bikj
a
lmcmlc
mcibmbicl
a
j
bj
ji
a
ij
aj
bij
ba
ibj
a
jbi
a
k
bkj
jbjb
bij
ajkbkjb
bjk
a
ii
a
bji
c
cbij
c
c
jba
bi
ba
i
a
Te
c
G
Leeeesee
eeeeeeeeeUeUee
seeeeeeee
xe
eeeSeeeeSeeeLee
SeeSeee
xe
Se
xe
e
pi
η
ηηΘ
λλ
λ
−−




−+
−




−+−+









 +




−
∂
∂
+
−−−−−



 




−
∂
∂
+




∂
∂
−=
      (2-21) 
In (2-20) and (2-21), 





−=




−=
bai
b
b
b
iaa
b
ibb
b
iaai YeYeeYeYeeS
ˆˆ
ˆ
ˆ
ˆ
ˆ0ˆ
0
ˆ
ˆ
ˆˆ
ˆ
ˆ0ˆ
0
ˆ0ˆ ,                 (2-22) 
( ) ( )( )
( ) ;               
 
2
1
 
2
1~
ˆ
 , 
ˆ
 , ˆˆ
ˆˆˆˆ
ˆ
 , 
ˆ
 , ˆˆˆˆ
ˆˆˆ
 , 
ˆ
 , 
ˆ
ˆ
ˆ
ˆ
ˆ
c
lm
c
ml
m
c
l
b
jaibjbia
c
lm
c
ml
i
c
j
b
j
c
i
b
mblaa
lm
a
ml
mcj
c
lbi
b
aij
eeeeeeee
eeeeeeeeeeeeees
−




−−
−−+−−=
        (2-23) 
. 
 
 
 
 
, 
 
 
 
 
ˆ
 , 
M
30ˆ
0
ˆ
M
30ˆ
0
30ˆ
0
ˆ
ˆ
 , 0
M
30ˆ
0
ˆ
0
M
30ˆ
0
30ˆ
0
0
ˆ










∂




∂
∂−
∂




∂
=










∂




∂
∂−
∂




∂
=
a
i
a
i
i
a
e
Lee
e
Lee
ee
c
T
e
Lee
e
Lee
ee
c
T
ν
ν
γ
ν
νγγ
                (2-24) 
All the action )1(S , the Lagrangian Total(1)L  and the vierbein forms of the Einstein equations 
under the time gauge condition given by (2-16) and (2-17) ~ (2-24) respectively have been 
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presented and analyzed in Ref. [1] (some formulas rewritten here are in new forms); for example, 
in Ref. [1] it has been pointed out that we can only obtain ten independent equations from (2-17) ~ 
(2-24) since in which there are three identities 
)  3; 2, 1, ,(        
ˆ0
ˆ0ˆ
0ˆ
0ˆ
ˆ0
ˆ0ˆ
0ˆ
0ˆ jijieeeeee
ia
a
jj
a
ja
a
ii
a ≠=



−=




− ΘΘΘΘ . 
    From (2-19) and (2-20) we see that there is not any second time derivative term in the four 
equations (2-17), and from (2-21) we see that in the nine equations (2-18), all second time 
derivative terms only appear in the term 




∂
∂
−
bi
ba
Se
xe
ˆ0ˆ3
03
ˆˆ
 
1η . Hence, if we can eliminate all 
first time derivative terms in aiS
ˆ0ˆ  given by (2-22) via appropriate gauge conditions, then there is 
not any second time derivative term in the all equations (2-17) and (2-18). 
2.3 The simplest constraint conditions 
    If both two tetrads { }αµˆ~ e  and { }αµˆ e  satisfy the time gauge condition, namely, (2-7) holds 
for { }αµˆ e  and  
3 2, 1,   0, ~0ˆ == aea                             (2-25) 
for { }αµˆ~ e , then a local Lorentz transformation αβΛ ˆˆ  between such { }aiee ˆˆ0  , γ  and { }aiee ˆˆ0 ~ ,~ γ  has the 
characteristics: 
bab
d
a
c
dc
a
a xxx
ˆˆˆ 
ˆ 
ˆ 
ˆ 
ˆˆ0ˆ 
ˆ 
ˆ 
0ˆ 
0ˆ 
0ˆ 
  ,  0  )(  ,  0 )(  ,  1 )( ηΛΛηΛΛΛ ==== .               (2-26) 
Under the above special local Lorentz transformation, the relation between { }aiee ˆˆ0  , γ  and { }aiee ˆˆ0 ~ ,~ γ  reads 
µµ
µµ
µ
µµ
µ
µµ ΛΛ
δ
b
b
aa
ba
b
a exeexe
g
ee
g
g
ee ˆ
ˆ
ˆˆ
ˆˆ 
ˆ 
ˆ
00
0
0ˆ0ˆ
00
0
0ˆ0ˆ
~)(  , ~)(  ; ~  , ~ ==
−
==
−
−
== .       (2-27) 
All formulas (2-8) ~ (2-24) hold for the tetrad { }aiee ˆˆ0 ~ ,~ γ , e.g., corresponding to (2-22) and 
(2-9) we have 
bai
b
b
b
iaai YeeYeeS
ˆˆ
ˆ
0ˆ
0
ˆ
ˆ
ˆ0ˆ
0
ˆ0ˆ ~~~~~~
−= ,                        (2-28) 
( ) ( ) ( ) ( ) ( ) ( ) , ~ 2~ 2~ 2~~
2
1~~~
2
6
1~
3
2~ 2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ
2 
3ˆ3ˆ2ˆ2ˆ
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2 ˆ
ˆ
2
0ˆ
0GK 





+++−+−−+−




= YYYYYYYYYeL aa  (2-29) 
respectively; And by the symbol “~” we denote those quantities corresponding to { }aiee ˆˆ0 ~ ,~ γ , for 
example, the expression (2-10) of 
ba
Y ˆˆ  corresponds to the tetrad { }aiee ˆˆ0  , γ , but the expression 
( ) ( )[ ]
( ) ( ) ( )[ ] ( ) ( )[ ]{ } ~~~~~~ ~~~~~~~~  ~
2
1
~~~~~~ ~~
2
1~~~
 , ˆ , ˆˆ , ˆ , ˆˆˆ
ˆ
0 , 0ˆ0 , ˆˆ , 0ˆ0 , ˆˆ
20
0ˆ
 , ˆ , ˆˆ , ˆ , ˆˆ0ˆ
0
0ˆ
0
ˆˆˆˆ
ijajia
i
bijbjib
i
a
j
c
c
iaia
i
bibib
i
a
iaia
i
bibib
i
aij
j
b
i
aba
eeeeeeeeeeeeeee
eeeeeeeeeeY
−+−−−+−=
−+−== λλλλ
λΓ
   (2-30) 
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of 
ba
Y ˆˆ
~
 corresponds to the tetrad { }aiee ˆˆ0 ~ ,~ γ . 
Because local Lorentz transformation (2-6) cannot change metric tensor ijg , according 
(2-27), the manner of transformation of 
ba
Y ˆˆ  given by (2-10) under the transformation matrix 
(2-26) is 
dc
d
b
c
aij
j
d
d
b
i
c
c
aij
j
b
i
aba
YeeeeY ˆˆ
ˆ 
ˆ 
ˆ 
ˆ 
0
ˆ
ˆ 
ˆ ˆ
ˆ 
ˆ 
0
ˆˆˆˆ
~~~ ΛΛΓΛΛΓ === .                  (2-31) 
According to the corresponding mathematical theorem, if the non diagonal elements of the 3
×3 symmetric matrix 
ba
Y ˆˆ  are not zero, then we can make an orthogonal transformation by an 
orthogonal matrix ba
ˆ
ˆΛ  such that the new 3×3 symmetric matrix baY ˆˆ
~
 is diagonal; Namely, for 
any tetrad { }aiee ˆˆ0  , γ  satisfying the time gauge condition (2-7), if )  ;3 ,2 ,1 ,(   0ˆˆ babaY ba ≠=≠ , 
then we can choose ba
ˆ
ˆΛ  such that 
0
~
2ˆ1ˆ
=Y , 0
~
3ˆ2ˆ
=Y , 0
~
1ˆ3ˆ
=Y ,                        (2-32) 
for a new group of tetrad { }aiee ˆˆ0 ~ ,~ γ  satisfying the time gauge condition (2-25) yet. 
Eq. (2-32) is in fact just so called the simplest constraint conditions in Ref. [1], it originates 
from the simplest case in Ref. [6]. 
For the new group of tetrad { }aiee ˆˆ0 ~ ,~ γ  that satisfy (2-32), we use (2-32) to eliminate the 
terms )(  
~ ˆˆ
abY ba ≠  in aiS ˆ0ˆ  given by (2-28) and, thus, aiS ˆ0ˆ  becomes 
)3 ,2 ,1(      
~~~~~~ ˆˆˆ0ˆ
0
ˆ
ˆ
ˆ0ˆ
0
ˆ0ˆ
=−= aYeeYeeS aaiab
b
iaai .                  (2-33) 
On the other hand, according to the Theorem proved in Sect. 2.1 and (2-32), the term 
( ) ( ) ( ) 



 ++



 2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ
2
0ˆ
0
~
 2
~
 2
~
 2~ YYYe  in (2-29) can be removed directly and, thus, GKL  becomes 
( ) ( ) ( ) .  ~~~~~2
3
1~
2
1~~
3
2 2 
3ˆ3ˆ2ˆ2ˆ
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0
2 ˆ
ˆ
2
0ˆ
0GK(1) 





−+−−



+




−= YYYYYeYeL aa        (2-34) 
So far, all six gauge conditions provided by local Lorentz transformation βµαβ
α
µ Λ
ˆˆ
ˆ
ˆ ~)( exe =  have 
run out. If we want to continue to eliminate all first time derivative terms in aiS
ˆ0ˆ  given by (2-33), 
then we have to employ some coordinate conditions to eliminate all first time derivative terms in 
the three terms )3 ,2 ,1(   
~
ˆˆ =aY aa  in 
aiS
ˆ0ˆ . For this purpose, we first find out the expressions in 
which )3 ,2 ,1(   
~
ˆˆ =aY aa  are expressed by metric tensor. 
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Since for determining the tetrad { }aiee ˆˆ0 ~ ,~ γ , all six gauge conditions provided by local Lorentz 
transformation 
β
µ
α
β
α
µ Λ
ˆˆ
ˆ
ˆ ~)( exe =  have run out, all elements of the transformation matrix )(
ˆ
ˆ x
α
βΛ  
have been determined fully corresponding to a given tetrad, and the tetrad { }aiee ˆˆ0 ~ ,~ γ  has been 
determined fully corresponding to metric tensor µνg . Concretely, according to 
jai
a
ij eeg
ˆ
ˆ
~~~
=  given 
in (2-8) and (2-32) we can determine nine quantities 
) ,   ; (~~  , ,0ˆˆ τµν ijji
i
a
i
a gggee =                          (2-35) 
by solving the nine algebraic equations 
0~~  , 0~~  , 0~~  ; ~ ~~ 0
3ˆ2ˆ
0
1ˆ3ˆ
0
2ˆ1ˆ
ˆ
ˆ ==== ij
ji
ij
ji
ij
jiijjai
a eeeeeegee ΓΓΓ .              (2-36) 
Notice that according to (2-27) we have had 0ˆ~µe  and 
µ
0ˆ
~e  expressed by µνg , hence, after 
we have the expression (2-35), it is easy to obtain the expressions  ) ,   ; (~~  , ,0
ˆˆ
τµν ijji
a
i
a
i gggee = and 
) ,   ; (~~  , ,0
ˆ
0
ˆ
0 τµν ijji
aa gggee = , since aie
ˆ~  is the inverse matrix of iae ˆ
~  and according to (2-8) we have 
a
i
ia eeee
ˆ
0ˆ
0ˆ
0
ˆ
0
~~~~
−= . 
In principle, we can obtain the expression )3 ,2 ,1(    ) ,   ; (
~~
 , ,0ˆˆˆˆ == agggYY ijjiaaaa τµν  by 
substituting (2-35) to )3 ,2 ,1(    ~~
~ 0
ˆˆˆˆ == aeeY ij
j
a
i
aaa Γ . However, the quite complex process obtaining 
(2-35) by solving the nine algebraic equations in (2-36) forces us to use a different method to 
determine )3 ,2 ,1(   
~
ˆˆ =aY aa . 
According to the corresponding mathematical theorem, for determining the orthogonal matrix 
b
a
ˆ
ˆΛ , we first solve the equation 
032
2
1
3
ˆˆ
=+−+−=− bbbIY
ba
λλλλ                     (2-37) 
of eigenvalues of 3×3 symmetric matrix 
ba
Y ˆˆ . The coefficients of the above cubic equation are 
( ) ( ) ( ) ( )
38)-(2                                                               ,  ~
,  ~~~~ 
2
1
2
   
, ~
0
00
2
ˆ
0
ˆˆˆˆ3
00
GK
00
2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ3ˆ3ˆ2ˆ2ˆ3ˆ3ˆ1ˆ1ˆ2ˆ2ˆ1ˆ1ˆ2
0ˆ
ˆ3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ1
ij
ij
ij
lm
ij
i
aij
j
b
i
aba
lmij
lmijjmil
ij
ija
a
g
geeeYb
ggggL
g
YYYYYYYYYb
gYYYYb
Γ
ΓΓΓ
ΓΓ
Γ
=====
−−==−−−++=
==++=
 
where 0ijΓ  means the determinant of the 3×3 matrix [ ]0ijΓ . In the expression of 2b , we have 
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used (2-9). 
Although the formulas for the roots of cubic equation are well known, we are not going to 
write out the concrete forms of the three roots )3 ,2 ,1(   )( =aaλ  of the cubic equation (2-37) here 
and only point out the following three characteristics about )3 ,2 ,1(   )( =aaλ . 
①  According to the corresponding mathematical theorem, all the three roots 
)3 ,2 ,1(   )( =aaλ  of (2-37) are real; 
② From (2-38) we see that all the coefficients of the cubic equation (2-37) have been 
expressed as functions of metric tensor µνg , jig  ,0  and τ ,ijg , all the three roots 
)3 ,2 ,1(   )( =aaλ  of (2-37) thus as well: 
)3 ,2 ,1(     ) ,   ; (  , ,0)()( =≡ aggg ijjiaa τµνλλ .                 (2-39) 
③ According to Viète's formulas, we have 
)3()2()1(3)3()2()3()1()2()1(2)3()2()1(1   ,   , λλλλλλλλλλλλ =++=++= bbb .       (2-40) 
    After obtaining the three real roots )3 ,2 ,1(   )( =aaλ  of (2-37), we can obtain the 
corresponding three eigenvectors )3 ,2 ,1(   )( =aU a  determined by the equation 
[ ] )3 ,2 ,1(     )()()(ˆˆ == cUUY cccba λ , where all )3 ,2 ,1(   )( =aU a  are 3× 1 matrices and satisfy 
)3 ,2 ,1 ,(     ))(()(
T
)(
== baUU baba δ . 
Taking advantage of )3 ,2 ,1(   )( =aU a , we can construct the orthogonal matrix 
[ ]
ba
b
a UUU  )3()2()1(
ˆ 
ˆ =Λ , the matrix form of (2-31) is 
[ ] [ ] [ ] [ ]
[ ] . 
00
00
00
 
    
~~~
~~~
~~~
~
)3(
)2(
)1(
)3()3()2()2()1()1(
T
)3(
T
)2(
T
)1(
)3()2()1(ˆˆ
T
)3(
T
)2(
T
)1(
ˆˆ
T
3ˆ3ˆ2ˆ3ˆ1ˆ3ˆ
3ˆ2ˆ2ˆ2ˆ1ˆ2ˆ
3ˆ1ˆ2ˆ1ˆ1ˆ1ˆ
ˆˆ










=










=










==










=
λ
λ
λ
λλλ
ΛΛ
UUU
U
U
U
UUUY
U
U
U
Y
YYY
YYY
YYY
Y
dcdcba
 
    The above result not only verifies (2-32) again, but also presents the following conclusion: 
)3 ,2 ,1(     ) ,   ; (~~
~
 , ,0)()(
0
ˆˆˆˆ =≡== agggeeY ijjiaaij
j
a
i
aaa τµνλλΓ ,           (2-41) 
namely, )3 ,2 ,1(  
~
ˆˆ =aY aa  are just the three roots of the cubic equation (2-37). 
2.4 A coordinate condition eliminating the negative kinetic energy term in GKL  
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    Generally speaking, coordinate transformation can provide four coordinate conditions, and 
from (2-41) we see that all )3 ,2 ,1(    
~
ˆˆ =aY aa  are functions of µνg , jig  , 0  and λ , ijg  and 
independent with second derivative σρµν  ,  , g , we therefore can choose special combinations of 
)3 ,2 ,1(    
~
ˆˆ =aY aa  as coordinate conditions. 
    We first choose 
0~
~~~~
 ,
00
000
0
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
ˆ
ˆ =







−
−
==++=
λ
λ
Γ
g
g
g
g
g
gYYYY lmij
ija
a
              (2-42) 
as one of four coordinate conditions. 
After adding the coordinate condition (2-42), (2-33) becomes 
)3 ,2 ,1(      
~~~ ˆˆˆ0ˆ
0
ˆ0ˆ
=−= aYeeS aaiaai ;                      (2-43) 
The special meaning of the coordinate condition (2-42) is that it can eliminate the negative 
kinetic energy term expressed by (2-13) in GKL . In fact, according to the Theorem proved in Sect. 
2.1 and considering the condition (2-42), the negative kinetic energy term ( )2 ˆˆ20ˆ0 ~
3
2 a
aYe 



−  in 
(2-29) or (2-34) can be removed and, thus, GK(1)L  given by (2-34) becomes 
( ) ( ) .  ~~~~~2
3
1~
2
1 2 
3ˆ3ˆ2ˆ2ˆ
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0GK(2) 





−+−−




= YYYYYeL                (2-44) 
So far, we have used seven gauge conditions, the six are provided by local Lorentz 
transformation βµαβ
α
µ Λ
ˆˆ
ˆ
ˆ ~)( exe = , the one is a coordinate condition provided by coordinate 
transformation )~(
νµµ xxx = . All these seven gauge conditions have been given in Ref. [1]. 
2.5 Two coordinate conditions 
We further choose the following two coordinate conditions 
1
00
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
~~~
2 ΦgYYY −=−− ,                         (2-45) 
2
00
3ˆ3ˆ2ˆ2ˆ
~~ ΦgYY −=− ,                           (2-46) 
where both 1Φ  and 2Φ  are functions of µνg  and first space derivative kg  , µν , whose concrete 
forms will be determined in the following discussion. 
Considering (2-41), the three coordinate conditions (2-42), (2-45) and (2-46) can be written 
to the following forms: 
;  
3
1
2
1~
  , 
3
1
2
1~
  , 
3
1~
21
00
)3(3ˆ3ˆ21
00
)2(2ˆ2ˆ1
00
)1(1ˆ1ˆ






+==





−==−== ΦΦλΦΦλΦλ gYgYgY     (2-47) 
And, further, according to (2-38) and (2-40), the above three coordinate conditions are equivalent 
to 
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( ) ( ) .  9
1
 
12
1
     , 
3
1
2
1
~~
   , 0~ 22
2
113 00
0
2
2
2
12 00
00
0






−=
−






+=
−
= ΦΦΦ
Γ
ΦΦ
ΓΓ
Γ
ij
ijlmij
jmil
ij
ij
ggg
gg
g    (2-48) 
Notice that the second of the above three coordinate conditions asks 0~~ 00 ≥lmij
jmilgg ΓΓ , but this 
inequality is only a corollary of (2-12). 
    Under the three coordinate conditions (2-47) and considering ( )20
0ˆ
00 ~eg −=  given in (2-8), 
aiS
ˆ0ˆ  given by (2-43) becomes 






+=





−=−= 21
3ˆ0
0ˆ
3ˆ0ˆ
21
2ˆ0
0ˆ
2ˆ0ˆ
1
1ˆ0
0ˆ
1ˆ0ˆ
3
1~~
2
1
  , 
3
1~~
2
1
  , ~~
3
1 ΦΦΦΦΦ iiiiii eeSeeSeeS ;     (2-49) 
GK(2)L  given by (2-44) can be written to the form 
( ) ( )
( ) ( ) ( ) ( ) ,  
3
1~
2
1
 
~~
 
~~~
2
3
1~              
~~~
2
1~~~
2~
6
1
2 
2
002 
1
00
2
0ˆ
0 2
00
3ˆ3ˆ2ˆ2ˆ1
00
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0 
2 
2
00
3ˆ3ˆ2ˆ2ˆ
2
0ˆ
0 
2 
1
00
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0 GK(2)






+




−





−+−−




−
+−



++−−




=
ΦΦΦΦ
ΦΦ
ggegYYgYYYe
gYYegYYYeL
 
according to the Theorem proved in Sect. 2.1 and considering (2-45) and (2-46), both the terms 
( )2 1003ˆ3ˆ2ˆ2ˆ1ˆ1ˆ20ˆ0 ~~~2~61 ΦgYYYe +−−  and ( )2 2003ˆ3ˆ2ˆ2ˆ
2
0ˆ
0 
~~~
2
1 ΦgYYe +−



  in the above expression can 
be removed directly and, thus, GK(2)L  becomes 
( ) ( ) ( )
( ) ( ) ( ) ( )[ ]{
( ) ( ) ( )[ ]}
( ) ( ) ( )[ ] ( ) ( )[ ]{ }
( ) .  
3
1~
2
1
   
  ~~~~~~~~~~~~~~~~ ~   
  ~~~~~~~~~~~~~~~2                      
~~~~~~~~~2 
3
1~
3
1~
2
1
 
~~
 
~~~
2
3
1
 
2
2
2
1
2 0
0ˆ 
2 , 3ˆ , 3ˆ3ˆˆ
ˆ
0 , 2ˆ , 2ˆ2ˆˆ
ˆ
0 , 03ˆ0 , 3ˆ3ˆ , 02ˆ0 , 2ˆ2ˆ
20
0ˆ
1 , 3ˆ , 3ˆ3ˆˆ
ˆ
0 , 2ˆ , 2ˆ2ˆˆ
ˆ
0 , 1ˆ , 1ˆ1ˆˆ
ˆ
0
 , 03ˆ0 , 3ˆ3ˆ , 02ˆ0 , 2ˆ2ˆ , 01ˆ0 , 1ˆ1ˆ
20
0ˆ
2
2
2
1
2 0
0ˆ 23ˆ3ˆ2ˆ2ˆ13ˆ3ˆ2ˆ2ˆ1ˆ1ˆGK(3)






+−
−−−−−−−+
−−−−−−
−−−−−=






+−−+−−=
ΦΦ
Φ
Φ
ΦΦΦΦ
e
eeeeeeeeeeeeeeeee
eeeeeeeeeeeeeee
eeeeeeeeee
eYYYYYL
ijji
ij
c
c
ijji
ij
c
c
ii
i
ii
i
ijji
ij
c
c
ijji
ij
c
c
ijji
ij
c
c
ii
i
ii
i
ii
i
 (2-50) 
GK(3)L  can be written to the form 
( ) ( ) ( ) ,  
3
1~
2
1
 
~~
 
~~~
2
3
1
 22
2
1
2 0
0ˆ 22
00
3ˆ3ˆ2ˆ2ˆ11
00
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆGK(3)






+++−++−−= ΦΦΦΦΦΦ egYYgYYYL  
if GK(3)L  appears in Lagrangian density, then although according to (2-45) and (2-46) we have 
0
~~~
2 1
00
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
=+−− ΦgYYY  and , 0~~ 2003ˆ3ˆ2ˆ2ˆ =+− ΦgYY neither of ( ) 11003ˆ3ˆ2ˆ2ˆ1ˆ1ˆ  ~~~231 ΦΦgYYY +−−  
and ( ) 22003ˆ3ˆ2ˆ2ˆ  ~~31 ΦΦgYY +−  can be removed from GK(3)L , since both 1003ˆ3ˆ2ˆ2ˆ1ˆ1ˆ ~~~2 ΦgYYY +−−  
and 2
00
3ˆ3ˆ2ˆ2ˆ
~~ ΦgYY +−  appear in linear but not quadratic forms in GK(3)L . On the other hand, if 
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GK(3)L  appears in equation of motion, for example, the term GK(3)
2
1
L  in the equations 00
0ˆ
0ˆ
0 =Θe  
and 0ˆ
0ˆ
0 =
i
ae Θ  given by (2-17) ~ (2-24), then the both terms ( ) 11003ˆ3ˆ2ˆ2ˆ1ˆ1ˆ  ~~~231 ΦΦgYYY +−−  and 
( ) 22003ˆ3ˆ2ˆ2ˆ  ~~31 ΦΦgYY +−  in GK(3)L  can be eliminated immediately and, thus, the term GK(3)21 L  in 
(2-19) and (2-21) becomes ( ) .  
3
1~
4
1 2
2
2
1
2 0
0ˆ 






+ΦΦe  
From (2-49) and (2-50) we see that if both 1Φ  and 2Φ  are functions of µνg  and kg  , µν , 
in other words which are independent with time derivative 0 , µνg , then after which are expressed 
by tetrad { }aiee ˆˆ0 ~ ,~ γ  via iaai eegeeg ˆˆ000ˆˆ000 ~~  ,~~ == γγ  and jaaiij eeg ˆˆ~~= , there is not any time derivative 
γˆ
0 , 0
~e  or aie
ˆ
0 , 
~  in aiS
ˆ0ˆ  given by (2-49) and there is not any quadratic term of first time derivative 
in GK(3)L  given by (2-50). And, further, since the term GK
2
1
L  in the equation 00
0ˆ
0ˆ
0 =Θe  and 
0ˆ
0ˆ
0 =
i
ae Θ  is replaced with ( ) ,  
3
1~
4
1 2
2
2
1
2 0
0ˆ 






+ΦΦe we see that there is not any time derivative term 
in the equations of motion given by (2-17), (2-19) and (2-20), and there is not any second time 
derivative term in the equations of motion given by (2-18) and (2-21). 
We emphasize again that there is not any time derivative term in aiS
ˆ0ˆ  only when aiS
ˆ0ˆ  
given by (2-49) is expressed by tetrad, if it is expressed by metric tensor, then even if both 1Φ  
and 2Φ  are independent with time derivative terms 0 , µνg , from (2-35) we see that iae
ˆ~  in the 
expression (2-49) of aiS
ˆ0ˆ  is dependent with time derivative terms 0 , ijg , 
aiS
ˆ0ˆ  thus as well. 
Furthermore, notice 
















+







++−= ki
j
k
kj
i
k
kij
k
ijij g
g
g
g
g
g
g
g
g
gg
 ,
00
0
 ,
00
0
 ,00
0
0 , 
000
2
1Γ ,           (2-51) 
if we choose both 1Φ  and 2Φ  are functions of 
j
i
lm
i
g
g
g
g
g
 ,
00
0
00
0
  ,   , 







 and nlmg  , : 
,    ,   ;   ,    ,    ,   ;   ,  ,
 ,
00
0
00
0
22 ,
 ,
00
0
00
0
11
















≡
















≡ nlm
j
i
lm
i
nlm
j
i
lm
i
g
g
g
g
g
g
g
g
g
g
g
g ΦΦΦΦ    (2-52) 
then in the three coordinate conditions (2-48), 00g  only appear in the combined-item 
00
0
g
g i
 but 
not alone; And, further, the three coordinate conditions in (2-48) are consistent and independent, 
since we can regard them as three equations determining three functions 
00
0
g
g i
. 
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Substituting ( )20
0ˆ
00 ~eg −=  and ( ) iaai eeeg ˆˆ0200ˆ0 ~~~=  obtained by (2-8) and jaaiij eeg ˆˆ~~=  to (2-52), 
we have 
( ) ( )( ) ( ) ( )( ) ,  ~~  , ~~  ; ~~  , ~~   ,  ~~  , ~~  ; ~~  , ~~
 ,ˆ
ˆ
 ,ˆ
ˆ
0ˆ
ˆ
ˆ
ˆ
022 ,ˆ
ˆ
 ,ˆ
ˆ
0ˆ
ˆ
ˆ
ˆ
011 nma
a
lj
i
a
a
ma
a
l
i
a
a
nma
a
lj
i
a
a
ma
a
l
i
a
a eeeeeeeeeeeeeeee ΦΦΦΦ ≡≡  (2-53) 
we see that both 1Φ  and 2Φ  are independent with 0ˆ0~e . 
Not both 1Φ  and 2Φ  vanish, or from (2-49) we have 0
ˆ0ˆ
=
aiS  and, according to (2-17) 
and (2-20), we obtain a contradictory equation 0
π8 0ˆ
ˆ4
0
ˆ
0ˆ
0 =−= aa T
c
G
e Θ . 
A simple choose of 1Φ  and 2Φ  is 
( ) 0   , ~~  2 ,ˆˆ0
 ,
00
0
1 ==







−= ΦΦ
i
i
a
a
i
i
ee
g
g
,                     (2-54) 
a different choose is 
( ) ( )
i
i
a
a
i
i
kjc
c
i
kbj
b
i
a
a
kij
jk
i
eeb
g
g
beeeeeeagg
g
g
a
 ,ˆ
ˆ
0
 ,
00
0
2 ,ˆ
ˆˆ
ˆˆ
ˆ
0 ,00
0
1
~~      , ~~~~~~~ =







−=−== ΦΦ ,      (2-55) 
where both a and b are constants, etc. When 1Φ  and 2Φ  are given by (2-54) or (2-55), the three 
coordinate conditions in (2-48) hold for the metric tensor given by (1-7). Of course, one can try to 
choose other forms of 1Φ  and 2Φ . 
2.6 General relativity as a fully singular Lagrange system 
We first summarize some characteristics of the group of tetrad { }αµˆ~ e given in the above 
discussion. 
At first, we rewrite the nine gauge conditions given by (2-25), (2-32) and (2-47) as follows. 
; 3) 2, 1,(   0 ~0ˆ == aea                            (2-56) 
;  0
~~  , 0
~~  , 0
~~
1ˆ3ˆ
2
0ˆ
03ˆ2ˆ
2
0ˆ
02ˆ1ˆ
2
0ˆ
0 =



=




=



 YeYeYe                   (2-57) 
;  0
3
1
2
1~~  , 0
3
1
2
1~~  , 0
3
1~~
213ˆ3ˆ
2
0ˆ
0212ˆ2ˆ
2
0ˆ
011ˆ1ˆ
2
0ˆ
0 =





++




=





−+




=−



 ΦΦΦΦΦ YeYeYe   (2-58) 
According to (2-30) we see that if both 1Φ  and 2Φ  are in the form (2-53), then all six 
conditions in (2-57) and (2-58) are independent with 0ˆ0
~e . 
In the above nine gauge conditions, the six given by (2-56), (2-57) and the three given by 
(2-58) are provided by local Lorentz transformation 
β
µ
α
β
α
µ Λ
ˆˆ
ˆ
ˆ ~)( exe =  and coordinate transformation 
)~( νµµ xxx = , respectively. 
Although coordinate transformation can provide four coordinate conditions, what we have 
used is only three of four coordinate conditions. As an example, we can add the fourth coordinate 
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condition ( ) 1~~ 20ˆ0200ˆ00 −=−=−=
−
eeg , since 0ˆ0
~e  is independent with the nine gauge conditions 
(2-56) ~ (2-58). In fact, we can choose any relation about µνg  and τρσ  ,g  being independent 
with the three coordinate conditions (2-58), in other words (2-48), as the fourth coordinate 
condition. However, we would rather to remain one undetermined coordinate condition for other 
significant purpose, the two functions 1Φ  and 2Φ  as well. Although two chooses have been 
given in (2-54) and (2-55), we can choose different forms of 1Φ  and 2Φ  for significant 
purpose. 
We now can investigate a system whose basic variables are { }aiee ˆˆ0 ~ ,~ γ  and the action with 
matter is 
∫= )(d )(~)(~ Total(2)430ˆ0)2( xxLxexeS ,  MGV0ˆ , 000ˆGK(3)
3
Total(2)
~~2
π16
LLUeeL
G
c
L kk +


 ++= ,  (2-59) 
where GK(3)L  is given by (2-50) but in which 1Φ  and 2Φ  are in the form (2-53), kU  and 
GVL  are still given by (2-15) but in which { }aie ˆ  is replaced with { }aie ˆ~ . 
Using the six gauge conditions (2-57) and (2-58) and according to the proof process of the 
Theorem in Sect. 2.1, it is easy to prove that the equations of motion of the system obtained by the 
Euler-Lagrange equations corresponding to the action (2-59) are equivalent to the equations (2-17) 
~ (2-24) but in which aiS
ˆ0ˆ  is expressed by (2-49) and in (2-19) and (2-21), the term GK
2
1
L  is 
replaced with ( ) .  
3
1~
4
1 2
2
2
1
2 0
0ˆ 






+ΦΦe  
For the system described by the action (2-59), the momenta conjugate to γˆ0
~e  and aie
ˆ~  are 
,  
~ 
~~
~ 
~~
π16~ 
 ~~
~
,  
~ 
~~
~ 
 ~~
~
ˆ
0 , 
M30ˆ
0ˆ
0 , 
GK(3)30ˆ
0
3
ˆ
0 , 
Total(2)
30ˆ
0
ˆ
ˆ
0 , 0
M30ˆ
0ˆ
0 , 0
Total(2)
30ˆ
0
0
ˆ
a
i
a
i
a
i
i
a
e
L
ee
e
L
ee
G
c
e
Lee
e
L
ee
e
Lee
∂
∂
+
∂
∂
=
∂




∂
=
∂
∂
=
∂




∂
=
pi
pi γγγ
          (2-60) 
by the expression (2-50) of GK(3)L , we obtain the concrete forms of 
i
aˆ
~pi : 
. 
~ 
~~ 
3
1~ ~~
π16
~
, 
~ 
~~ 
3
1~ ~~
π16
~   , 
~ 
~~~ ~~
4π2
~
3ˆ
0 , 
M30ˆ
0213ˆ
30
0ˆ
3
3ˆ
2ˆ
0 , 
M30ˆ
0212ˆ
30
0ˆ
3
2ˆ1ˆ
0 , 
M30ˆ
011ˆ
30
0ˆ
3
1ˆ
i
ii
i
ii
i
ii
e
L
eeeee
G
c
e
L
eeeee
G
c
e
L
eeeee
G
c
∂
∂
+





+−=
∂
∂
+





−−=
∂
∂
+=
ΦΦpi
ΦΦpiΦpi
 (2-61) 
If we want to obtain the corresponding Hamiltonian representation of (2-59), then we first 
should express γˆ 0 , 0
~e  and aie
ˆ
0 , 
~  via 0ˆ
~
γpi  and 
i
aˆ
~pi , namely, obtain the expressions 
( )iaee ˆ0ˆˆ 0 , 0ˆ 0 , 0 ~ , ~~~ pipi γγγ =  and ( )iaaiai ee ˆ0ˆˆ0 , ˆ0 , ~ , ~~~ pipi γ=  from (2-60) and (2-61). However, generally speaking, 
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there is not any quadratic term of first time derivative γˆ 0 , 0
~e  or aie
ˆ
0 , 
~  in ML  of matter, namely, 
there is not any time derivative term γˆ 0 , 0
~e  or aie
ˆ
0 , 
~  in γˆ
0 , 0
M
~ e
L
∂
∂
 and 
a
ie
L
ˆ
0 , 
M
~ ∂
∂
, all the Dirac field, the 
Klein-Gordon field, the Maxwell field and the Yang-Mills field in curve spacetime have such 
characteristic. Hence, if both 1Φ  and 2Φ  are in the form (2-54) in which there is not any time 
derivative term γˆ 0 , 0
~e  or aie
ˆ
0 , 
~ , then none of the expressions ( )iaee ˆ0ˆˆ 0 , 0ˆ 0 , 0 ~ , ~~~ pipi γγγ =  and 
( )iaaiai ee ˆ0ˆˆ0 , ˆ0 , ~ , ~~~ pipi γ=  can be obtained by (2-60) and (2-61). 
As well-known, if the determinant of the matrix 








∂∂
∂
ba
ccL
φφ
φφ τ
&&
) ,(  ,
2
 of a Lagrangian density 
) ,(  , λφφ aaL  vanishes, then the system described by the Lagrangian ) ,(  , λφφ aaL  is so called 
singular Lagrange system. However, for the system whose basic variables and the action are 
{ }aiee ˆˆ0 ~ ,~ γ  and (2-59), respectively, denoting { }aia ee ˆˆ0 ~ ,~ γφ ≡ , Total(2)30ˆ0 ,  ~~) ,( LeeL aa ≡λφφ , where 
Total(2)L  is given by (2-59), we see that not only the determinant of the matrix 








∂∂
∂
ba
ccL
φφ
φφ τ
&&
) ,(  ,
2
 
vanishes, but also the rank of 








∂∂
∂
ba
ccL
φφ
φφ τ
&&
) ,(  ,
2
 is zero, since from (2-60) and (2-61) we see that 
every matrix element 0
) ,(  ,
2
=
∂∂
∂
ba
ccL
φφ
φφ τ
&&
. We call such system fully singular Lagrange system. 
Formally, an example of fully singular Lagrange system is the Dirac field in flat spacetime, 
since from the Lagrange ψγψ µ
µ  iD 





−
∂
∂
= mc
x
L h  of the Dirac field we have 
+
=
∂
∂
= α
α
α ψψ
pi
c
L h
&
iD  and 0D
2
=
∂∂
∂
βα ψψ &&
L
. 
As well-known, the system described by (2-4) and (2-5) is not equivalent to the theory of 
electromagnetic field described by (2-3), the equivalence asks to add the Lorenz condition 
0 ,   =
λ
λA , or 0  ,   =
λ
λA  for state vector  in the corresponding quantum theory. Similarly, 
the fully singular Lagrange system described by (2-59) is not equivalent to general relativity, the 
equivalence asks to add the additional conditions (2-57) and (2-58), or add the six conditions 
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0 
3
1
2
1~~   , 0 
3
1
2
1~~ 
  , 0 
3
1~~   ; 0
~~   , 0
~~   , 0
~~ 
213ˆ3ˆ
2
0ˆ
0212ˆ2ˆ
2
0ˆ
0
11ˆ1ˆ
2
0ˆ
01ˆ3ˆ
2
0ˆ
03ˆ2ˆ
2
0ˆ
02ˆ1ˆ
2
0ˆ
0
=











++




=











−+




=





−




=




=




=




ΦΦΦΦ
Φ
YeYe
YeYeYeYe
   (2-62) 
for state vector  in the corresponding quantum theory, where the expression of 
ba
Y ˆˆ
~
 is given 
by (2-30). 
We can try to use the Dirac-Bargmann method for a singular Lagrangian system or the 
method of path integral to realize quantization of the fully singular Lagrange system described by 
(2-59). This will be studied further. 
    On the other hand, all second time derivative terms in the vierbein forms of the ten Einstein 
equations can be eliminated, this characteristic shows that general relativity is great different from 
other fields, e.g., the Yang-Mills field. For non-Abelian gauge field, we can choose appropriate 
gauge conditions, for example, the space-axial gauge 03 =
aA
[7]
, to eliminate some dynamic 
variables. However, no matter how to choose gauge-fixing terms, we cannot remove all second 
time derivative terms in the equations of motion of the non-Abelian gauge field aAµ . Hence, it is 
impossible to ascribe general relativity to non-Abelian gauge field. 
 
3  The generation of the simplest constraint conditions 
In this section, we still discuss the Lagrangian G(2)L  given by (1-6) and the vierbein forms 
of the Einstein equations under time gauge condition, hence, all formulas in Sect. 2.2 hold. For the 
purpose that eliminates all first time derivative terms in aiS
ˆ0ˆ  given by (2-22) and all the 
quadratic terms of first time derivative in GKL  given by (2-9), we are not limited to the simplest 
constraint conditions discussed in Sect. 2.3 but consider a more general quantity ijΩ : 
( ) jiijkijijijijij gggg ΩΩΩΩΩΩ µνµν ==+−=    ,    ,   , 
2
1
 ,0 , 
00 ,            (3-1) 
namely, ijΩ  is a function of metric tensor µνg  and first space derivative kg  ,µν , and symmetric 
in the pair of indices. For example, kij
k
ijij gg  ,
0
2
1
  , 0 == ΩΩ , etc. And then, we introduce 
ij
j
b
i
abaij
j
b
i
aba
eeYeeZ ωΩ ˆˆˆˆˆˆˆˆ −== ,                        (3-2) 
where 
ba
Y ˆˆ  is given by (2-10); from (2-10) and (2-51) we have 
( ) .    , 
2
1
 ,
 ,
00
0
 ,
00
0
 ,00
0
000
kijijki
j
k
kj
i
k
kij
k
ijijij ggg
g
g
g
g
g
g
g
g
g µνµνωΩΩΓω ≡−
















+







+−=−=    (3-3) 
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If we take 
















+







+−= ki
j
k
kj
i
k
kij
k
ij g
g
g
g
g
g
g
g
g
g
 ,
00
0
 ,
00
0
 ,00
0
00
2
1Ω , then 0ijij ΓΩ = , baba YZ ˆˆˆˆ =  
and 0=ijω , we therefore return to the case discussed in Sect. 2.3. 
It is obvious that 
ba
Z ˆˆ  is symmetric in the pair of indices and the manner of transformation 
under the transformation matrix (2-26) is 
dc
d
b
c
aij
j
d
d
b
i
c
c
aij
j
b
i
aba
ZeeeeZ ˆˆ
ˆ 
ˆ 
ˆ 
ˆ ˆ
ˆ 
ˆ ˆ
ˆ 
ˆ ˆˆˆˆ
~~~ ΛΛΩΛΛΩ === ,                  (3-4) 
where 
( ) ( )[ ] , ~~  ~~~~~~ ~~
2
1~~~~
ˆˆ , ˆ , ˆˆ , ˆ , ˆˆ0ˆ
0
0ˆˆˆˆˆˆˆ ij
j
b
i
aiaia
i
bibib
i
aij
j
b
i
ababa
eeeeeeeeeeeeYZ ωω λλλλ
λ
−−+−=−=       (3-5) 
in (3-5), we have used the expression (2-30) of 
ba
Y ˆˆ
~
. Hence, similar to 
ba
Y ˆˆ , for a tetrad { }αµˆ e  
satisfying the time gauge condition, if )  ;3 ,2 ,1 ,(   0ˆˆ babaZ ba ≠=≠ , then we can choose 
b
a
ˆ
ˆΛ  
such that 
0
~
2ˆ1ˆ
=Z , 0
~
3ˆ2ˆ
=Z , 0
~
1ˆ3ˆ
=Z                          (3-6) 
for a new group of tetrad { }αµˆ~ e  satisfying the time gauge condition yet. 
Substituting ij
j
b
i
ababa
eeZY ωˆˆˆˆˆˆ
~~~~ +=  obtained by (3-5) to (2-28) and using (3-6) to eliminate the 
terms )(  
~ ˆˆ
abZ ba ≠  in aiS ˆ0ˆ , we obtain 
; )3 ,2 ,1(      ~~~~
~~~~~~ ˆˆ
ˆ
0ˆ
0
ˆˆˆ0ˆ
0
ˆ
ˆ
ˆ0ˆ
0
ˆ0ˆ
=−−= aeeeeZeeYeeS lm
mblai
b
aaiab
b
iaai ω             (3-7) 
On the other hand, substituting ij
j
b
i
ababa
eeZY ωˆˆˆˆˆˆ +=  obtained by (3-5) to (2-9) and using some 
formulas given in Sect. 2, it is easy to prove that GKL  can be written to the form 
( ) ( ) ( ) ( ) ( ) ( )
( ) 8)-(3                                                          .  2 
3
1
            
 2 2 2
2
1
2
6
1
3
2
ˆˆˆˆˆˆ
ˆˆˆˆˆˆˆˆ
2
0ˆ
0
2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ
2 
3ˆ3ˆ2ˆ2ˆ
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0
2 ˆ
ˆ
2
0ˆ
0GK
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m
d
l
cij
j
b
i
aba
dcbadbca
a
a
eeeeYe
ZZZZZZZZeYeL
ωωηηηη −





−



+






+++−+−−



+




−=
If in the above expression, { }aiee ˆˆ0  , γ , baY ˆˆ  and baZ ˆˆ  are replaced with { }aiee ˆˆ0 ~ ,~ γ  , baY ˆˆ~  and baZ ˆˆ~ , 
respectively, then according to the Theorem proved in Sect. 2.1 and (3-6), we can remove the term 
( ) ( ) ( ) 



 ++



 2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ
2
0ˆ
0
~
 2
~
 2
~
 2 ZZZe  and, thus, GKL  becomes 
( ) ( ) ( )
( ) . ~~  ~~~2 
3
1~              
~~
2
1~~~
2
6
1~~~
3
2
ˆˆˆˆˆˆ
ˆˆˆˆˆˆˆˆ
2
0ˆ
0
2 
3ˆ3ˆ2ˆ2ˆ
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0
2 ˆ
ˆ
2
0ˆ
0GK(4)
lm
m
d
l
cij
j
b
i
aba
dcbadbca
a
a
eeeeYe
ZZZZZeYeL
ωωηηηη −





−



+






−+−−



+




−=
       (3-9) 
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For the equation 
0 32
2
1
3
ˆˆ
=+−+−=− dddIZ
ba
ττττ                     (3-10) 
of eigenvalues of 3×3 symmetric matrix 
ba
Z ˆˆ , the coefficients are 
( ) ( ) ( ) ( )
,  ~
,  ~~~~ 
2
1
   
, ~
2
ˆˆˆˆˆ3
2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ3ˆ3ˆ2ˆ2ˆ3ˆ3ˆ1ˆ1ˆ2ˆ2ˆ1ˆ1ˆ2
ˆ
ˆˆ
ˆˆˆ
ˆˆ
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ1
lm
ij
ij
lm
ij
i
aij
j
b
i
aba
lmij
lmijjmil
ij
ij
ij
j
a
iaa
aba
ba
g
geeeZd
ggggZZZZZZZZZd
geeZZZZZd
Ω
ΩΩΩ
ΩΩ
ΩΩη
=====
−−=−−−++=
====++=
  (3-11) 
where ijΩ  means the determinant of the 3×3 matrix [ ]ijΩ . 
Similar to the three characteristics about )3 ,2 ,1(   )( =aaλ  of the cubic equation (2-37) 
discussed in Sect. 2.3, all the three roots )3 ,2 ,1(   )( =aaτ  of (3-10) are real and functions of µνg , 
jig  ,0  and τ ,ijg : 
)3 ,2 ,1(     ) ,   ; (  , ,0)()( =≡ aggg ijjiaa τµνττ ;                  (3-12) 
and according to Viète's formulas, we have 
)3()2()1(3)3()2()3()1()2()1(2)3()2()1(1   ,   , ττττττττττττ =++=++= ddd .        (3-13) 
Similar to )3 ,2 ,1(  
~
ˆˆ =aY aa , for )3 ,2 ,1(  
~
ˆˆ =aZ aa  we can prove 
)3 ,2 ,1(     ) ,   ; (~~
~
 , ,0)()(ˆˆˆˆ =≡== agggeeZ ijjiaaij
j
a
i
aaa τµνττΩ .           (3-14) 
namely, )3 ,2 ,1(  
~
ˆˆ =aZ aa  are just the three roots of the cubic equation (3-10). 
So far, all six gauge conditions provided by local Lorentz transformation 
β
µ
α
β
α
µ Λ
ˆˆ
ˆ
ˆ ~)( exe =  
have run out, from (3-14) we see that all )3 ,2 ,1(  
~
ˆˆ =aZ aa  are functions of µνg , jig  , 0  and 
λ , ijg  and independent with second derivative σρµν  ,  , g , we therefore can further choose special 
combinations of )3 ,2 ,1(  
~
ˆˆ =aZ aa  as coordinate conditions to eliminate all first time derivative 
terms in aiS
ˆ0ˆ  expressed by (3-7). 
We can employ the coordinate condition (2-42) to eliminate aaY
ˆ
ˆ
~
 in (3-7) and the negative 
kinetic energy term ( )2 ˆˆ20ˆ0 ~
3
2 a
aYe 



−  in (3-9), respectively, however, formally, we consider a more 
 21 
general coordinate condition 
0
0
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
ˆ
ˆ
~~~~~ ΞΓ ==++= ijijaa gYYYY ,                     (3-15) 
where 0Ξ  is appropriate function of µνg  and first space derivative kg  , µν ,  
( ) .    ;  , 00 kgg µνµνΞΞ ≡                           (3-16) 
Using the coordinate condition (3-15), aiS
ˆ0ˆ  expressed by (3-7) becomes 
lm
mblai
b
aaiaiaai eeeeZeeeeS ωΞ ˆˆˆ0ˆ0
ˆˆˆ0ˆ
00
ˆ0ˆ
0
ˆ0ˆ ~~~~~~~~~
−−= ;                (3-17) 
On the other hand, the negative kinetic energy term ( )2 ˆˆ20ˆ0 ~
3
2 a
aYe 



−  can be written to the form 
( ) ( ) 2020ˆ0ˆˆ020ˆ02 0ˆˆ20ˆ02 ˆˆ20ˆ0 ~
3
2~~
3
4~~
3
2~~
3
2 ΞΞΞ 



+




−−




−=




− eYeYeYe aa
a
a
a
a , 
this term appears in the expression (3-9) of GK(4)L  yet, hence, according to the Theorem proved 
in Sect. 2.1 and (3-15), we can remove the term ( )2 0ˆˆ20ˆ0 ~~
3
2 Ξ−




−
a
aYe  in the expression (3-9) and, 
thus, GK(4)L  becomes 
( ) ( )
( ) . ~~  ~~~2 
3
1~              
~~
2
1~~~
2
6
1~~
3
2~~
3
4
ˆˆˆˆˆˆ
ˆˆˆˆˆˆˆˆ
2
0ˆ
0
2 
3ˆ3ˆ2ˆ2ˆ
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0
2
0
2
0ˆ
0
ˆ
ˆ0
2
0ˆ
0GK(5)
lm
m
d
l
cij
j
b
i
aba
dcbadbca
a
a
eeeeYe
ZZZZZeeYeL
ωωηηηη
ΞΞ
−





−



+






−+−−



+



+




−=
   (3-18) 
According to (3-5) and considering jaia
ij eeg
ˆ
ˆ
~~~
= , the coordinate condition (3-15) can be 
written to the form 
ij
ijgZZZ ωΞ ~~~~ 03ˆ3ˆ2ˆ2ˆ1ˆ1ˆ −=++ .                        (3-19) 
We further choose the following two coordinate conditions 
13ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
~~~
2 Ξ=−− ZZZ ,                          (3-20) 
23ˆ3ˆ2ˆ2ˆ
~~ Ξ=− ZZ ,                             (3-21) 
where 1Ξ  and 2Ξ  are appropriate functions of µνg  and first space derivative kg  , µν ,  
( ) ( ) .    ;    ,    ;  , 22 , 11 kk gggg µνµνµνµν ΞΞΞΞ ≡≡                (3-22) 
    Considering (3-14), the three coordinate conditions (3-19) ~ (3-21) can be written to the 
following forms: 
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( )
;  
3
1
3
2
2
1~
3
1~
, 
3
1
3
2
2
1~
3
1~
   , 
3
1~
3
1~
210)3(3ˆ3ˆ
210)2(2ˆ2ˆ10)1(1ˆ1ˆ






−−+−==






+−+−==++−==
ΞΞΞωτ
ΞΞΞωτΞΞωτ
ij
ij
ij
ij
ij
ij
gZ
gZgZ
    (3-23) 
According to (3-11) and (3-13), the above three coordinate conditions are equivalent to 
( ) ( )
( ) ; 
4
1
2
1~
9
1
 ~ 
3
1
, 
3
1
2
1~
3
2
 ~~~~ 
, ~~
2
2
2 
1010
2
2
2
1
2 
0
0








−





+−++−=






++−−=−
+−=
ΞΞΞωΞΞω
Ω
ΞΞΞωΩΩ
ΞωΩ
ij
ij
ij
ij
lm
ij
ij
ij
lmij
lmijjmil
ij
ij
ij
ij
gg
g
ggggg
gg
           (3-24) 
Notice that the first condition in (3-24) is just 0
0~ ΞΓ =ijijg , and substituting ijijij ωΓΩ −= 0  
obtained by (3-3) to the above three coordinate conditions, (3-24) thus be written to the form: 
( )( ) ( )
( ) . 
4
1
2
1~
9
1
 ~ 
3
1
, 
3
1
2
1~
3
1
 ~~   , ~
2
2
2 
1010
0
2
2
2
1
2 
0
00
0
0








−





+−++−==
−






+=−−−−=
ΞΞΞωΞΞω
ωΓ
ΞΞΞωωΓωΓΞΓ
ij
ij
ij
ij
lm
ijij
ij
ij
lmlmijij
jmil
ij
ij
gg
g
gggg
      (3-25) 
Under the three coordinate conditions (3-23) and considering mala
lm eeg
ˆ
ˆ
~~~
=  in (2-8), aiS
ˆ0ˆ  
given by (3-17) becomes 
( )
. ~ ~~~~
3
1~
2
1
6
1
3
2~~        
~~~~
3
1
3
2
2
1~
3
1~~~~
, ~ ~~~~
3
1~
2
1
6
1
3
2~~        
~~~~
3
1
3
2
2
1~
3
1~~~~
, ~ ~~~~
3
1~2~~
3
1
        
~~~~
3
1
3
1~
3
1~~~~
ˆ3ˆ
ˆˆ
3ˆ0ˆ
0210
3ˆ0ˆ
0
ˆ3ˆ
ˆ
0ˆ
0210
3ˆ0ˆ
00
3ˆ0ˆ
0
3ˆ0ˆ
ˆ2ˆ
ˆˆ
2ˆ0ˆ
0210
2ˆ0ˆ
0
ˆ2ˆ
ˆ
0ˆ
0210
2ˆ0ˆ
00
2ˆ0ˆ
0
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ˆ1ˆ
ˆˆ
1ˆ0ˆ
010
1ˆ0ˆ
0
ˆ1ˆ
ˆ
0ˆ
010
1ˆ0ˆ
00
1ˆ0ˆ
0
1ˆ0ˆ
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a
l
a
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mbli
bij
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a
l
a
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a
l
a
ii
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mbli
blm
lmiii
eeeeeeee
eeeegeeeeS
eeeeeeee
eeeegeeeeS
eeeeeeee
eeeegeeeeS
ωΞΞΞ
ωΞΞΞωΞ
ωΞΞΞ
ωΞΞΞωΞ
ωΞΞ
ωΞΞωΞ






−+





++=
−











−−+−−=






−+





−+=
−











+−+−−=






−+−=
−





++−−=
     (3-26) 
In Sect. 2.5 we point out that not both 1Φ  and 2Φ  introduced by (2-45) and (2-46) vanish, 
however, even if we now take 0210 === ΞΞΞ , it is not incompatible with the equation 
00ˆ
0ˆ
0 =ae Θ  since from (3-26) we see that 0
ˆ0ˆ ≠aiS  when 0210 === ΞΞΞ  but 0≠ijω . 
On the other hand, we rewrite GK(5)L  given by (3-15) to the form 
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( ) ( )
( ) ( )
( ) , ~~  ~~~2 
3
1~              
3
1~
2
1
 
~~
 
~~~
2
3
1~              
~~~
2
1~~~
2~
6
1~
3
2~~
3
4
ˆˆˆˆˆˆ
ˆˆˆˆˆˆˆˆ
2
0ˆ
0
2
2
2
1
2
0ˆ
0 23ˆ3ˆ2ˆ2ˆ13ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0 
2 
23ˆ3ˆ2ˆ2ˆ
2
0ˆ
0 
2 
13ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0 
2
0
2
0ˆ
0
ˆ
ˆ0
2
0ˆ
0GK(5)
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d
l
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b
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eeeeYe
eZZZZZe
ZZeZZZeeYeL
ωωηηηη
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

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
−



+






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
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

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


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
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


+
−−



+−−−



+



+




−=
according to the Theorem proved in Sect. 2.1 and (3-20) and (3-21), in the above expression both 
the terms ( )2 13ˆ3ˆ2ˆ2ˆ1ˆ1ˆ20ˆ0 ~~~2~61 Ξ−−− ZZZe  and ( )2 23ˆ3ˆ2ˆ2ˆ
2
0ˆ
0 
~~~
2
1 Ξ−−



 ZZe  can be removed 
directly, and, further, using (3-5), GK(5)L  becomes 
( )( )
( )( ) ( )
( )
( ) ( ) ( ) ( ) 27)-(3 . ~~ ~~ ~~~ 2~~~~~
2
1
              
~~~~~~2~
6
1~
3
2
              
~~~~~~~~~~ 4~~~~ 
~~~              
~~~~~~2 
~~~
2~
3
1~~
3
4
2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ
2
0ˆ
0
2 
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2
0ˆ
0
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ1
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0ˆ
0
2
0
2
0ˆ
0 
1ˆ3ˆ1ˆ3ˆ3ˆ2ˆ3ˆ2ˆ2ˆ1ˆ2ˆ1ˆ
2
0ˆ
0 3ˆ3ˆ2ˆ2ˆ23ˆ3ˆ2ˆ2ˆ
2
0ˆ
0 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ13ˆ3ˆ2ˆ2ˆ1ˆ1ˆ
2
0ˆ
0 
ˆ
ˆ0
2
0ˆ
0GK(6)
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


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


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



−
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
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
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


+




−=
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ji
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ji
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ji
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ji
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ji
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ji
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ij
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ij
ji
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ji
ij
ji
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ωωωωωΞ
ωωωΞΞ
 
If GK(6)L  appears in equation of motion, for example, the term GK(6)
2
1
L  in the equations 
00
0ˆ
0ˆ
0 =Θe  and 0ˆ0ˆ0 =iae Θ  given by (2-17) ~ (2-24), then we can substitute (3-5), (3-6) and (3-23) 
to (3-27) immediately and, thus, the term GK(6)
2
1
L  in (2-19) and (2-21) becomes 
( )
( ) ( ) ( ) ( ) .  ~~ ~~ ~~~~~~~~
4
1
~~~~~~2~
12
1~
3
1
2 
1ˆ3ˆ
2 
3ˆ2ˆ
2 
2ˆ1ˆ
2
0ˆ
0
2 
3ˆ3ˆ2ˆ2ˆ2
2
0ˆ
0
2 
3ˆ3ˆ2ˆ2ˆ1ˆ1ˆ1
2
0ˆ
0
2
0
2
0ˆ
0 





 ++



+−+



+
−−+



+




−
ij
ji
ij
ji
ij
ji
ij
ji
ij
ji
ij
ji
ij
ji
ij
ji
eeeeeeeeeeee
eeeeeeee
ωωωωωΞ
ωωωΞΞ
   (3-28) 
   Considering ia
a
i eegeeg ˆ
ˆ
000ˆ
ˆ
000
~~  ,~~ == γ
γ  and ja
a
iij eeg ˆ
ˆ~~
= , ijω , 0Ξ , 1Ξ  and 2Ξ  introduced 
by (3-3), (3-16) and (3-22) become 
( ) ( )
( ) ( ) ,  ~  , ~  ; ~  ,~   ,  ~  , ~  ; ~  ,~
,  ~  , ~  ; ~  ,~   ,  ~  , ~  ; ~  ,~
ˆ
 , 
ˆ
 , 0
ˆˆ
022
ˆ
 , 
ˆ
 , 0
ˆˆ
011
ˆ
 , 
ˆ
 , 0
ˆˆ
000
ˆ
 , 
ˆ
 , 0
ˆˆ
0
a
mln
a
k
a
mln
a
k
a
mln
a
k
a
mln
a
kijij
eeeeeeee
eeeeeeee
γγγγ
γγγγ
ΞΞΞΞ
ΞΞωω
≡≡
≡≡
          (3-29) 
Substituting (3-29) to (3-26) and (3-27), we see that there is not any time derivative term γˆ 0 , 0
~e  or 
a
ie
ˆ
0 , 
~  in aiS
ˆ0ˆ  and there is not any quadratic term of first time derivative in GK(6)L . 
We now can investigate a system whose basic variables are { }aiee ˆˆ0 ~ ,~ γ  and the action with 
matter is 
∫= )(d )(~)(~ Total(3)430ˆ0)3( xxLxexeS ,  MGV0ˆ , 000ˆGK(6)
3
Total(3)
~~2
π16
LLUeeL
G
c
L kk +


 ++= ,  (3-30) 
 24 
where GK(6)L  is given by (3-27), 
kU  and GVL  are still given by (2-15) but in which { }aie ˆ  is 
replaced with { } .  ~ aˆie   
From (3-30) we obtain the momenta conjugate to γˆ0
~e  and aie
ˆ~  are 
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(3-31) 
Hence, if ijω , 0Ξ , 1Ξ  and 2Ξ  are expressed by (3-29) in which there is not any time 
derivative term γˆ 0 , 0
~e  or aie
ˆ
0 , 
~  and there is not any quadratic term of first time derivative γˆ 0 , 0
~e  or 
a
ie
ˆ
0 , 
~  in ML  of matter, then none of the expressions ( )iaee ˆ0ˆˆ 0 , 0ˆ 0 , 0 ~ , ~~~ pipi γγγ =  and ( )iaaiai ee ˆ0ˆˆ0 , ˆ0 , ~ , ~~~ pipi γ=  
can be obtained by (3-31). And, further, similar to the system described by the action (2-59), the 
system described by the action (3-30) is also a fully singular Lagrange system and equivalent to 
general relativity under the six conditions (3-6) and (3-23) but in which all ijω , 0Ξ , 1Ξ  and 
2Ξ  are expressed by (3-29), or six conditions 
( )
0 
3
1
3
2
2
1~
3
1~
   , 0 
3
1
3
2
2
1~
3
1~
 
  , 0 
3
1~
3
1~
   ; 0
~
   , 0
~
   , 0
~
 
2103ˆ3ˆ2102ˆ2ˆ
101ˆ1ˆ1ˆ3ˆ3ˆ2ˆ2ˆ1ˆ
=











−−−+=











+−−+
=





+−+===
ΞΞΞωΞΞΞω
ΞΞω
ij
ij
ij
ij
ij
ij
gZgZ
gZZZZ
 
for state vector  in the corresponding quantum theory, where the expression of 
ba
Z ˆˆ
~
 is given 
by (3-5). For example, under the six gauge conditions (3-6) and (3-23) and according to the proof 
process of the Theorem in Sect. 2.1, it is easy to prove that the equations of motion of the system 
obtained by the Euler-Lagrange equations corresponding to the action (3-30) are equivalent to the 
equations (2-17) ~ (2-24) but in which aiS
ˆ0ˆ  is expressed by (3-26) and in (2-19) and (2-21), the 
term GK
2
1
L  is replaced with (3-28). 
    We can try to choose appropriate functions ijω , 0Ξ , 1Ξ  and 2Ξ  to simplify the system 
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described by the action (3-30), this will be studied further. 
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